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ABSTRACT
We consider a class of extremal and non-extremal four-dimensional black-hole solutions
occuring in toroidally compactified heterotic string theory, whose ten-dimensional inter-
pretation involves a Kaluza-Klein monopole and a five-brane. We show that these four-
dimensional solutions can be connected to extremal and non-extremal two-dimensional
heterotic black-hole solutions through a change in the asymptotic behaviour of the har-
monic functions associated with the Kaluza-Klein monopole and with the five-brane.
This change in the asymptotic behaviour can be achieved by a sequence of S and T -S-T
duality transformations in four dimensions. These transformations are implemented by
performing a reduction on a two-torus with Lorentzian signature. We argue that the
same mechanism can be applied to extremal and non-extremal black-hole solutions in the
FHSV model.
June 1998
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Some time ago Hyun [1] made the important observation that five-dimensional black-
holes occuring in toroidally compactified type II string theory are related by U-duality
to two-dimensional black holes. More recently it was shown that the associated entropies
agree [2, 3]. In [4] a particular class of extremal four-dimensional black-holes occuring
in toroidally compactified heterotic string theory was connected to the class of extremal
two-dimensional heterotic black-holes presented in [5], and the matching of the associated
entropies was demonstrated. This connection came about by dropping the constants
appearing in the harmonic functions associated with the magnetic charges carried by the
four-dimensional black-holes, thereby changing the asymptotic behaviour of the magnetic
harmonic functions. Here, we will extend the results of [4] to the case of non-extremal
black-holes. We will furthermore show that the mechanism reported in [6] for changing
the asymptotic behaviour of gravitational instantons can also be used to change the
asymptotic behaviour of the magnetic harmonic functions. That is, we will show that
there is a sequence of S and T -S-T duality transformations in four dimensions which
achieves that. This sequence of transformations can be implemented by considering a
reduction on a two-torus with Lorentzian signature. The four-dimensional heterotic black-
hole solutions under consideration are thus related by duality to two-dimensional heterotic
black-hole solutions. We will also argue that the same applies to solutions occuring in
certain D = 4, N = 2 string compactifications, in which the heterotic N = 2 tree-
level prepotential does not receive any perturbative or non-perturbative corrections. An
example of such a compactification is provided by the FHSV model [7, 8].
We begin by considering a particular class of four-dimensional black-hole solutions occur-
ing in toroidal compactifications of heterotic string theory. The solutions under consid-
eration are the ones associated with a non-extremal intersection of a string, a five-brane,
a Kaluza-Klein monopole and a wave in ten dimensions. The rules for writing down the
line element associated with a non-extremal intersection of a string, a five-brane and a
wave can be found in [9]. A non-extremal version of a Kaluza-Klein monopole solution
can be obtained by performing a Buscher duality transformation of a non-extremal five-
brane solution. The Buscher duality transformation rules state that if the dualization
is performed with respect to an isometry direction z, then in the string frame the dual
metric, the dual antisymmetric tensor field and the dual dilaton field are given by [10]
G˜zz =
1
Gzz
, G˜zi =
Bzi
Gzz
, G˜ij = Gij −
GziGzj −BziBzj
Gzz
B˜zi =
Gzi
Gzz
, B˜ij = Bij +
GziBzj −GzjBzi
Gzz
, φ˜ = φ− 1
2
logGzz . (1)
Let us then consider the non-extremal five-brane solution in ten dimensions, whose line
element in the string-frame is described by [9]
ds210 =
(
−fdt2 + dx21 + . . .+ dx25
)
+H5
(
f−1dr2 + r2 sin2 θdφ2 + r2dθ2 + dz2
)
. (2)
Here we take the harmonic function H5 = H5(r) to be independent of z. The associated
1
dilaton and the antisymmetric tensor field strength are given by
e−2φ =
1
H5
, Hzθφ = −∂θBzφ = r2 sin θ ∂rH ′5 , (3)
where
f = 1− µ
r
, H5 = 1 +
Q5
r
, H ′5 = 1 +
α5Q5
r
, Q5 = µ sinh
2 δ5 , α5 = coth δ5 . (4)
The extremal limit is obtained by sending µ→ 0, δ5 →∞ in such a way that the charge
Q5 is kept fixed.
We now dualize the solution (2) and (3) with respect to the isometry direction z. The
resulting dual solution is described by
ds210 =
(
−fdt2 + dx21 + . . .+ dx25
)
+H5
(
f−1dr2 + r2 sin2 θdφ2 + r2dθ2
)
+
1
H5
(dz + Aφdφ)
2 , Fφθ = −∂θAφ = r2 sin θ ∂rH ′5 , e−2φ˜ = 1 . (5)
The field strength of the dual antisymmetric tensor field vanishes. The line element (5)
describes a non-extremal Kaluza-Klein monopole solution.
Using (5), the line element for a non-extremal intersection of a string, a five-brane, a
Kaluza-Klein monopole and a wave in ten dimensions can be written down according to
the rules given in [9]. In the string frame, it is given by ds210 = dx
2
1 + . . . + dx
2
4 + ds
2
6,
where ds26 denotes the six-dimensional line element
ds26 =
1
H1
(
−H−10 fdt2 +H0(dy + (H ′−10 − 1)dt)2
)
+H5HKKf
−1dr2 +H5HKKr
2dΩ22
+
H5
HKK
(dz + Aφdφ)
2 , dΩ22 = sin
2 θdφ2 + dθ2 , (6)
and where
f = 1− µ
r
, Hi = 1 +
Qi
r
, Qi = µ sinh
2 δi , i = 0, 1, 5, KK ,
H ′−10 = 1−
µ sinh δ0 cosh δ0
r
H−10 , H
′−1
1 = 1−
µ sinh δ1 cosh δ1
r
H−11 ,
H ′5 = 1 +
α5Q5
r
, H ′KK = 1 +
αKKQKK
r
, α5 = coth δ5 , αKK = coth δKK ,
Fφθ = −∂θAφ = r2 sin θ ∂rH ′KK . (7)
Here, the functions Hi (i = 0, 1, 5, KK) denote harmonic functions associated with the
wave, the string, the five-brane and the Kaluza-Klein monopole, respectively. The six-
dimensional dilaton and the antisymmetric tensor field are given by [9]
e−2φ =
H1
H5
, Bty =
1
H ′1
+ const , Hzθφ = r
2 sin θ ∂rH
′
5 . (8)
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Dimensionally reducing the six-dimensional line element (6) to four dimensions in the y, z
directions and going to the Einstein frame yields the four-dimensional metric
ds24 = −
f√
H0H1H5HKK
dt2 + f−1
√
H0H1H5HKK dr
2 +
√
H0H1H5HKK r
2dΩ22 . (9)
The internal metric component fields are given by Gyy = H0/H1 and Gzz = H5/HKK.
The four-dimensional dilaton reads e−2φ =
√
H0H1
H5HKK
. This solution describes a non-
extremal four-dimensional black-hole. The outer horizon is located at r = µ, where
Hi(r = µ) = cosh
2 δi. The inner horizon is located at r = 0. The Bekenstein-Hawking
entropy is computed to be
S = A
4G4
=
π
G4
µ2 cosh δ0 cosh δ1 cosh δ5 cosh δKK . (10)
In the extremal limit µ → 0, δi → ∞ (i = 0, 1, 5, KK), the Bekenstein-Hawking entropy
is given by S = pi
G4
√
Q0Q1Q5QKK [11, 12].
Let us now consider the four-dimensional line element (9) in the string frame, where it
reads
ds24 = −
f
H0H1
dt2 + f−1 H5HKK dr
2 +H5HKK r
2dΩ22 . (11)
We now set H0 = H1. Then
ds24 = −
f
H21
dt2 + f−1 H5HKK dr
2 +H5HKK r
2dΩ22 , e
−2φ =
H1√
H5HKK
, (12)
and the internal component Gyy of the metric is now constant, Gyy = 1. Below we
show that the line element (12) can be related to the line element of a two-dimensional
black-hole provided that the harmonic functions H5 and HKK are taken to be
H5 =
Q5
r
, HKK =
QKK
r
, (13)
where the charges Q5 and QKK will turn out to be different from the charges Q5 and QKK
introduced in (7). Thus, relating the line element (12) to the one of a two-dimensional
black-hole requires a change in the asymptotic behaviour of the magnetic harmonic func-
tions H5 and HKK from the one specified in (7). Note that with the choice (13) the
internal metric component Gzz = H5/HKK is also constant. Thus, the only non-trivial
scalar field is the dilaton. Also, with the choice (13), the line element (12) describes the
product of two two-dimensional spaces, one of which is a two-sphere with radius
√Q5QKK.
Each of these two-dimensional geometries supports a U(1) gauge field.
Below we will show that the entropies of the four and the two-dimensional black-holes
match provided that
Q5 = α25 Q5 = µ cosh2 δ5 ,
QKK = α2KK QKK = µ cosh2 δKK . (14)
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We will furthermore show that (14) is implied by a sequence of S and T -S-T duality
transformations which brings the harmonic functions H5 and HKK, given in (7), into the
form (13).
Before working out this sequence of duality transformations we first relate the solution
(12), (13) to the two-dimensional heterotic black-hole solution of McGuigan, Nappi and
Yost [5], as follows. The latter is described by
ds22 = −(1− 2me−Qx + q2e−2Qx)dt2 + (1− 2me−Qx + q2e−2Qx)−1dx2 ,
e−2(φ−φ0) = eQx , Ftx =
√
2Qqe−Qx . (15)
Here m and q are constants related to the mass and to the electric charge of the solution,
with m > 0 andm2 ≥ q2. Q is a positive constant which determines the associated central
charge deficit c = Q2. The asymptotic flat region corresponds to x = ∞, whereas the
curvature singularity is at x = −∞. By changing the spatial variable to y = e−Qx, the
solution (15) becomes
ds22 = −q2(y − y1)(y − y2) dt2 +
1
q2Q2
dy2
y2(y − y1)(y − y2)
,
e−2(φ−φ0) =
1
y
, At =
√
2qy . (16)
The asymptotic flat region is now at y = 0, the curvature singularity is at y = ∞, while
the two horizons are at y1,2 = q
−2(m±√m2 − q2). By setting
y =
µ+ 2Q1
2m
1
r +Q1
, (17)
the solution (16) turns into the two-dimensional (t, r) part of (12), provided that the
parameters m, q and Q appearing in (16) and in (17) are related to the charges Q1,Q5
and QKK as follows:
Q2 =
1
Q5QKK
, me−2φ0 =
µ+ 2Q1
2
√Q5QKK
,
m
q
=
µ+ 2Q1
2
√
Q1(Q1 + µ)
. (18)
In the limit µ = 0 we get back the extremal two-dimensional black-hole with m = q.
The entropy of the charged non-extremal two-dimensional black-hole (15) was computed
in [5, 13] using thermodynamic methods. It is given by
S = 1
4G2
e−2φ0(m+
√
m2 − q2) . (19)
Here, G2 denotes the two-dimensional Newton’s constant, which was set to G2 = 1/(16π)
in [5, 13]. Inspection of (12) shows that G2 is related to Newton’s constant G4 in four
dimensions by
1
G2
=
V
G4
, V = 4πQ5QKK , (20)
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where V denotes the area of the two-sphere with radius
√Q5QKK . Inserting (20) as well
as (18) into the entropy formula (19) yields
S = π
G4
µ cosh2 δ1
√
Q5QKK , , (21)
which is in agreement with the macroscopic formula (10) of the four-dimensional black-
hole provided that (14) holds.
We will now show that there is a sequence of S and T -S-T duality transformations which
can be used to bring H5 and HKK into the form (13) and (14):
H5 = 1 +
Q5
r
→ Q5
r
= H5 − f , HKK = 1 +
QKK
r
→ QKK
r
= HKK − f . (22)
We note here that in the extremal case the transformation (22) amounts to shifting away
the constant part in H5 and HKK. In order to implement the above sequence of duality
transformations, we first dimensionally reduce the six-dimensional line element (6) in the
t, y directions, that is we compactify it on a two-torus with Lorentzian signature. This
is necessary, because we will make use of S-duality, which is a symmetry of the heterotic
string in four dimensions. Note that compactifications on Lorentzian tori as well as T-
duality transformations along time-like directions have recently been employed in the
study of extensions of U-duality groups in M-theory, in the construction of Euclidean
supergravity theories in various dimensions as well as in the study of the relation of
D-instantons to other p-branes [14, 15, 16, 17].
The resulting four-dimensional metric in the Einstein frame and the four-dimensional
dilaton read
ds24 =
√
f
(
f−1HKKdr
2 +HKK r
2dΩ22 +
1
HKK
(dz + Aφdφ)
2
)
, e−2φ =
√
f
H5
. (23)
The antisymmetric tensor field Hzθφ = r
2 sin θ ∂rH
′
5 can be dualized to an axion field b
(5)
using
∂µb
(5) =
1
6
e−4φ
√
detG(E)ǫµνρσH
νρσ . (24)
We find that
b(5) =
α5
H5
, α5 = coth δ5 , (25)
where we have chosen the integration constant in b(5) to be zero. The scalar fields b(5)
and φ parametrize a coset SL(2, R)/SO(1, 1). It is convenient to introduce the linear
combinations [6]
S± = b
(5) ± e−2φ = α5 ±
√
f
H5
. (26)
5
S± can undergo SL(2, R) transformations
S± → S ′± =
AS± +B
CS± +D
, AD − BC = 1 . (27)
Choosing
A =
1
α5
, B = 0 , C = − α5
1 + α5
, D = α5 (28)
yields
S ′
±
= b′(5) ± e−2φ′ = 1±
√
f
H5 − f
, (29)
that is
b′(5) =
1
H5 − f
, e−2φ
′
=
√
f
H5 − f
. (30)
Thus, the SL(2, R) transformation (28) precisely results in the transformation H5 →
H5−f as in (22). The transformed antisymmetric tensor field strength H ′zθφ reads H ′zθφ =
r2 sin θ ∂r(H5 − f). In the extremal limit µ → 0, coth δ5 → 1, the parameters of the
SL(2, R) transformation are given by A = D = 1, C = −1/2.
Next we will show that we can similarly modify the harmonic function HKK without
changing H5. To do so we proceed with the Buscher-dualization of the space-time metric
(23). This needs to be done in the string frame. In the string frame the metric reads
ds24 = f
−1H5HKKdr
2 +H5HKKr
2dΩ22 +
H5
HKK
(dz + Aφdφ)
2 , (31)
where Fφθ = −∂θAφ = r2 sin θ∂rH ′KK. We note that the reduction of the six-dimensional
line element (6) in the t, y direction does not lead to abelian gauge fields in four dimensions.
Moreover, the components of the six-dimensional metric and of the antisymmetric tensor
field in the t, y directions, which become moduli in four dimensions, do not depend on
H5 and on HKK . Only the metric, the antisymmetric tensor field and the dilaton in four
dimensions depend on the magnetic harmonic functions H5 and HKK. Inspection of the
equations of motion given in [18] shows that due to the absence of gauge fields in four
dimensions, the equations of motion for the moduli decouple from the equations of motion
for the four-dimensional metric, axion and dilaton system. Thus we may Buscher-dualize
the metric, axion and dilaton system using (1). Dualizing with respect to the compact
direction z yields
G˜zz =
HKK
H5
, G˜zi = HKK
B
(5)
zi
H5
, G˜rr = f
−1H5HKK ,
G˜lp = HKK

H5glp + B
(5)
zl B
(5)
zp
H5

 , e−2φ˜ =
√
f
HKK
, (32)
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where i = r, φ, θ and where l, p = θ, φ. Here glp denotes the metric of a unit two-sphere
and B
(5)
zi denotes the B-field associated with the axion b
(5) introduced in (24). B
(5)
zi only
depends on H ′5, not on HKK . The dual antisymmetric tensor field reads
B˜zi = Ai , B˜ij = B
(5)
ij + AiB
(5)
zj −AjB(5)zi . (33)
Since B
(5)
ij = 0 and B
(5)
zi ∝ Ai, it follows that
B˜ij = 0 . (34)
Hence the only non-vanishing component of the dual antisymmetric tensor field is B˜zφ =
Aφ. We thus see that under Buscher-dualization H5 and H
′
5 become interchanged with
HKK and H
′
KK, respectively. This is similar to the exchange of H5 and HKK in the
extremal case [19, 20].
We now go back to the Einstein frame. In the Einstein frame the dual metric reads
ds24 =
√
fH5
(
f−1dr2 + r2dΩ22
)
+
√
f
H5
(
dz +B
(5)
zφ dφ
)2
. (35)
Note that it is independent of HKK. All the dependence of HKK is contained in the dual
fields
S˜± = b˜± e−2φ˜ = αKK ±
√
f
HKK
, αKK = coth δKK . (36)
Thus, as in (28), we can use an SL(2, R) transformation with parameters
A =
1
αKK
, B = 0 , C = − αKK
1 + αKK
, D = αKK (37)
to transform S˜± into
S˜ ′
±
= b˜′ ± e−2φ˜′ = 1±
√
f
HKK − f
, (38)
that is
b˜′ =
1
HKK − f
, e−2φ˜ =
√
f
HKK − f
. (39)
Thus, the SL(2, R) transformation (37) precisely results in the transformation HKK →
HKK − f as in (22). The transformed antisymmetric tensor field strength H˜ ′zθφ reads
H˜ ′zθφ = r
2 sin θ∂r(HKK − f).
In the string frame, the dualized metric is now given by
ds24 = (HKK − f)H5
(
f−1dr2 + r2dΩ22
)
+
(HKK − f)
H5
(
dz +B
(5)
zφ dφ
)2
. (40)
7
Then, by Buscher-dualizing again with respect to z we get back the metric (31) as well
as the original dilaton e−2φ =
√
f
H5
, but now with HKK and H
′
KK replaced by HKK − f .
Hence we conclude that we can acomplish (22) by the sequence of S and T -S-T transfor-
mations described above. The six-dimensional line elements (6) with H5 and HKK given
either as in (7) or as in (22) are thus related by duality transformations.
In the extremal case, equations (18), (20) and (21) have a straightforward O(6, 22) gen-
eralisation in the magnetic sector through the replacement
Q5QKK → 1
2
QaLabQb , (41)
where Lab denotes the O(6, 22) metric given in [18]. On the other hand, in the non-
extremal case we have Q5,KK = Q5,KK + µ. The corresponding O(6, 22) generalisation
should thus be given by
Q5QKK →
1
2
QTLQ + µ
√
QTMQ+ µ2 , (42)
whereM = LM∞L+L [21]. Here M denotes the moduli matrix of [18] and M∞ its value
at spatial infinity. M∞ describes the asymptotic value of the moduli fields occuring in the
four-dimensional black-hole solution.
The six-dimensional solution (6) was obtained by a toroidal compactification of a non-
extremal intersection in ten dimensions. It remains a solution in six dimensions, if instead
of compactifying heterotic string theory on a four-torus T4 we compactify it on K3. A
subsequent compactification on a two-torus leads to a heterotic N = 2 compactification
in four dimensions. In heterotic D = 4, N = 2 compactifications the heterotic tree-level
prepotential will in general receive perturbative and non-perturbative corrections. These
corrections will result in modifications of the tree-level solutions and hence also of the
associated Bekenstein-Hawking entropy. That is, if a tree-level black-hole solution has
an entropy of the form (21), then this particular form will in general not be preserved
due to the corrections to the tree-level prepotential. There are, however, heterotic N =
2 compactifications for which the tree-level prepotential is exact. An example of such
a compactification is the FHSV model [7, 8], where the modulus undergoing SL(2, R)
transformations is proportional to the heterotic dilaton. Thus, in this model a black-hole
solution with an entropy of the form (21) will be connected to a two-dimensional black-
hole solution of the form (16) by a sequence of S and T -S-T duality transformations.
The tree-level form of the higher-order derivative gravitational coupling function F1 is
known for four-dimensional N = 2, 4 heterotic string compactifications. It would be
interesting to determine its impact on the macroscopic entropy of a four-dimensional
black-hole. One could try to achieve this by studying its dual two-dimensional version
(15). For a conformal field theory description of the two-dimensional black-hole (15)
we refer to [22, 23, 24, 25]. Knowledge of the associated conformal field theory should
8
allow one to compute the α′-corrections to the space-time metric of the two-dimensional
black-hole and also to its entropy.
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